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I. INTRODUCTION
T HE ANALYSIS of waveguid~ discontinuit~es is_ a classic electromagnetk theory and microwave engmeenng problem with application to the design of microwave components and antennas. Multiple-step discontinuities in waveguides are encountered in filters, transformers, irises, directional couplers [1], mode converters [2] , and the modelling of horn antennas [3] .
Structures with multiple waveguide discontinuities are typically analyzed by cascading the generalized scattering matrices of individual discontinuities [2] , [4] . Cascading can also be performed using the transmission matrix representation, but this method has some disadvantages not encountered with the generalized scattering matrix approach. The method can be numerically unstable when too many higher order modes are included in the waveguide sections between the discontinuities or the total length of the structure is too large [5] . Also, the transmission matrix method requires the field expansions in each waveguide to have the same number of modes which may violate the criterion for avoiding the relative convergence phenomenon [6] , [7] . This restriction has been overcome using an improved transmission matrix formulation [8] . Cascading with an admittance matrix formulation has also been proposed [9] .
Problems relative to multiple discontinuities in waveguides have been solved by numerous techniques. The variational method has been used to solve for interacting irises and steps [10] , [11] . Double discontinuities have been treated by using An admittance matrix formulation based on modal analysis has been used to solve for a special class of double discontinuities [9] . All the mode matching based techniques may suffer from the relative convergence phenomenon which is eliminated by using an appropriate ratio of modal terms in the waveguide field expansions [6] , [7] . The purpose of this paper is to present a solution for multiple waveguide discontinuities where the scattering parameters are directly calculated by simultaneously solving for the interaction between discontinuities rather than by cascading discontinuities. The electric and magnetic fields in each waveguide section are expressed as an exact expansion of orthonormal modes and the boundary conditions on the tangential field components are enforced over each discontinuity plane. By applying tlle mode orthogonality, an infinite set of linear algebraic equations is obtained. For numerical computation, this set of equations is appropriately truncated. The scattering matrices are derived by using a recurrence technique.
The formulation, based on tlle modal analysis technique [17] , is compatible with tlle criterion for avoiding the relative convergence phenomenon and more efficient than tlle commonly used cascading techniques. Although the formulation is valid for cylindrical waveguides of any cross section, only multiple-step discontinuities in circular waveguides will be considered in this paper for quantitative illustrations. A thick iris in a circular waveguide is analyzed ih detail to verify the convergence and accuracy of tlle formulation. Numerical results are compared with data available in the literature. Also, improved designs for iris matched dielectric windows are presented.
II. FORMULATION
Consider the multiple-step discontinuities shown in Fig. 1 .
There are N transverse discontinuities with N + 1 waveguide regions along a common axis. An arbitrary multimode incident field is assumed from waveguide 1.
The total transverse electric and magnetic fields can be written in modal form as follows:
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Aim and Bim are the forward and the backward complex coefficients, respectively, of the mth mode in the ith region, rim is the propagation constant, and eim and him are the corresponding transverse electric and magnetic field functions of the mth mode. The modal field functions form an orthonormal set, i.e., (eim,hin)s,
where Si is the ith waveguide cross section, and Dmn is the Kronecker delta. At each discontinuity plane, the transverse fields must be continuous over each aperture and the tangential electric field must be zero on the walls. The continuity of the transverse electric and magnetic field intensities over each aperture cross section are expressed as follows: (5) (6) (7) (8) In order to properly include the boundary condition on the transverse walls, the boundary enlargement and reduction discontinuity cases are handled separately [17] . For the boundary enlargement case, at each discontinuity we take the vector product of the terms in the electric field continuity equation with a magnetic mode function from the following waveguide section, and the vector product of the terms in the magnetic field continuity equation with an electric mode function from the preceding waveguide section. Applying the orthogonality of the modes, (5)- (7) become:
and at z = 0 where
Truncating the infinite series to Mi modes in each ith region, (9)-( 11) can be written in matrix form:
and at z 0
where the T superscript indicates matrix transpose, Ai is the known incident modal coefficient column matrix of Mi elements, Bi and AN +1 are the column matrices of Mi and MN+i elements of the unknown modal coefficients for the fields reflected in region 1 and transmitted in region N + 1, respectively, and
For the boundary reduction case, the sets of matrix equations would be similar in form to (14)- (16) with the quantities described in ( 17)- (20), except we let (22) As a result of the truncations, the solution to the scattering problem will be an approximate solution where the accuracy is dependent on the number of modes selected in each region. Choosing the ratio of modes approximately equal to the ratio of the waveguide cross section dimensions prevents the relative convergence phenomenon where the solution may converge to an incorrect result or may not converge at all [6] , [7] .
In scattering matrix formulation, Bi and AN +1 can be expressed as
where g 11 and g 2 i are the complex reflection and transmission matrices for the entire structure, respectively. Solving the sets of linear matrix equations for an arbitrary series of boundary enlargement and reduction discontinuities, the scattering matrices are obtained as
for a 1st discontinuity boundary enlargement (B.E.)
where Gi (i = 1,-·., N) is determined by (21) or (22) for the ith discontinuity B.E. or B.R. case, respectively, l_ is the unit matrix and -
for the 1st and 2nd discontinuities both B.E. The recurrence formulas, (27) and (28), require that the calculation of the scattering matrices begins at the Nth discontinuity and move successively to the 1st discontinuity. The proposed formulation is valid for cylindrical waveguides of any cross section; however, only multiple step-discontinuities in circular waveguides are considered for numerical computations in this paper.
III. CONVERGENCE AND ACCURACY
Consider a thick circular iris of radius b and length L in a circular waveguide of radius a, as shown in Fig. 2 . The iris forms a double discontinuity comprised of a boundary reduction followed by a boundary enlargement at a distance L.
The optimum ratio of the number of modes should be M/N :::::: a/b, with M = P, where M, N, and P are the number of modes in regions 1, 2, and 3, respectively [6] , [7] . Choosing the number of modes according to this ratio should ensure fast and accurate results. This is illustrated here by studying the numerical results for an incident TEn mode.
In Fig. 3, is shown in Fig. 4 for two values of ka, where k is the wave number inside the structure. It is clear that the solution converges for all ratios of M / N, but the convergence is always fastest when M/N = a/b. Also, the rate of convergence is observed to be slower as the frequency increases. The reflection and transmission coefficients for decreasing values of L /a are shown in Table I . The ratio M / N has a noticeable effect on the solution as L /a decreases. In the case of an infinitely thin iris, the formulation mathematically collapses for M / N = 1 in the sense that (24) and (25) becomes zero and unit matrices, respectively. The numerical results always converge to the correct solution when M / N = a/bas a result of the linear system being well conditioned [7] . To verify the accuracy of the formulation, comparison with numerical results calculated by the moment method [14] are shown in Table II and Table III . For L less than 0.2 inches, excellent agreement of results are achieved with M = N(a/b) = 40. However, as L increases the number of modes must be reduced to avoid numerical instabilities as U becomes too ill-conditioned for inversion. Significant disagreement, particularly in the phase, is observed for large L as the frequency increases and the ratio a/b decreases. In Table  II , the magnitude of the transmission coefficient decreases to zero as L increases due to the iris region being below cutoff at the operating frequency. The proposed formulation requires the inversion of one N x N matrix, with N shown in the tables, while two 40 x 40 matrix inversions are needed in [14] . The numerical difficulties with the matrix inversions arise from the effect of the hyperbolic functions in ( 19) and (20) . As the separation distance between a discontinuity increases, the highest order modes, which are below cutoff, cause the hyperbolic functions to become excessively large in that region. As a result, the corresponding matrix for the waveguide section, (26) or (28), may be too ill-conditioned for accurate inversion. Reducing the number of modes used alleviates the problem by omitting the troublesome higher order modes, but the reduction in modes may compromise the accuracy of the solution as already demonstrated. !J.i has been found to be more stable than U since R. has fewer matrix terms with = i hyperbolic functions. In cases where the separation distance between discontinuities is very large, the analysis can be performed by cascading the generalized scattering matrices of individual discontinuities. The formulation presented in this paper is currently modified to include sections of very large lengths where the higher order mode interaction is restricted without compromising the accuracy of the solution.
IV. APPLICATION TO IRIS MATCHED DIELECTRIC WINDOWS
Dielectric windows are used to isolate gas filled or vacuum regions in waveguides. The reflection coefficient of the dielectric window can be reduced by placing an iris on both sides of the window. Fig. 5 shows an iris matched dielectric window in a circular waveguide of radius a where the dielectric window has relative permittivity Er and thickness L, and the irises have inner radius b and thickness Li.
Design curves presented in [18] show the iris radius b that minimizes the reflection coefficient of an incident TE 11 mode for a given a, En L, Li, and operating frequency f. The reflection coefficient of the dielectric window was calculated in [18] by cascading the generalized scattering matrices of the four waveguide discontinuities. Ten modes were used for the field expansions in each waveguide region, but Fig. 4 in the present paper shows that this may be an inadequate number of modes to account for the higher mode interaction of closely separated discontinuities. A better choice would be to use a higher number of modes in the ratio M / N = a/ b where M is the number of modes in the waveguide and dielectric regions, and N is the number of modes in the iris regions. An equal number of modes are used in the waveguide and dielectric regions since studies performed by the authors for single airdielectric discontinuities, within the same range of the ratio a/b, have shown that this is a suitable choice.
To demonstrate the improvement in accuracy of the results by usirig higher order modes, the results calculated by the pro- .. the matched windows designed for optimum performance at several frequencies f 0 is shown in Fig. 7 .
The choice of ten modes in each waveguide region was made in [18] partially on the basis of maintaining a reasonable computational time. Using a larger number of modes, as done here, would have dramatically increased the computation time for the optimization procedure. Table IV shows the size and number of full complex matrix inversions required by the proposed method compared with cascading as in [18] . It is assumed that the dielectric region is bisected with an electric and magnetic wall to use the even and odd mode excitation analysis about the symmetry plane. The proposed formulation proves to be a more efficient method by requiring only two relatively small matrix inversions, compared to six matrix inversions in [18] . This allows more modes to be used than in [18] without a large increase in computation time.
In Table V , the minimum number of full complex matrix multipications and inversions required to calculate the scattering parameters for N discontinuities is compared with the commonly used cascading techniques. The proposed formulatin has a definite advantage over the two cascading techniques by requiring fewer matrix multiplications and inversions. Compared to the proposed formulation, cascading generalized scattering matrices (S-matrix) [8] requires almost twice as many matrix multiplications and three times as many matrix inversions, and the transmission matrix method (T-matrix) [5] requires almost 60 percent more matrix multiplications and two extra matrix inversions. The proposed formulation has the advantage over the transmission matrix method in being compatible with the criterion for avoiding the relative convergence phenomenon, which also gives the fastest convergence, and is numerically stable when the total length of the waveguide sections, L 1 + L 2 + · · · + L N, becomes large. A transmission matrix formulation compatible with the criterion for avoiding the relative convergence phenomenon has been presented in [8] , but requires slightly more computation than in [5] .
V. CONCLUSlON A general solution for the scattering from multiple discontinuities in waveguides based on the modal analysis technique has been presented. The proposed formulation uses an efficient recurrence procedure that requires substantially fewer full matrix multiplications and inversions than the commonly used cascading techniques. For circular waveguide s1ep-discontinuities. choosing the ratio of the number of modes approximately equal to the ratio of the waveguide cross section dimensions ensures a very rapid convergence of results, and is critical for achieving accurate results with closely separated discontinuities. The accuracy of the proposed fonnulation has been confirmed by comparing results for a thick iris in a circular waveguide available in the literature. The computation for the thick iris required only one relatjvely small matrix inversion while two 40 x 40 matrix inversions are required for the moment method [14) . As an application, designs for iris matched dielectric windows in circular waveguides have been improved by as much as 4.2 percent using more modes in the optimum ratio for the calculations to account for the higher order mode interaction and increase accuracy. Although only step-discontinuities in circular waveguides bave been discussed, the formulation can be applied to transverse discontinuities in cylindrical waveguides of any cross section.
